We present the first experimental observation of resonance-assisted tunneling, a wave phenomenon, where regular-to-chaotic tunneling is strongly enhanced by the presence of a classical nonlinear resonance chain. For this we use a microwave cavity with the shape of a desymmetrized cosine billiard designed with a large nonlinear resonance chain in the regular region. It is opened in a region, where only chaotic dynamics takes place, such that the tunneling rate of a regular mode to the chaotic region leads to an enhanced line width of the mode. Resonance-assisted tunneling is demonstrated by (i) a parametric variation and (ii) the characteristic plateau and peak structure towards the semiclassical limit.
We present the first experimental observation of resonance-assisted tunneling, a wave phenomenon, where regular-to-chaotic tunneling is strongly enhanced by the presence of a classical nonlinear resonance chain. For this we use a microwave cavity with the shape of a desymmetrized cosine billiard designed with a large nonlinear resonance chain in the regular region. It is opened in a region, where only chaotic dynamics takes place, such that the tunneling rate of a regular mode to the chaotic region leads to an enhanced line width of the mode. Resonance-assisted tunneling is demonstrated by (i) a parametric variation and (ii) the characteristic plateau and peak structure towards the semiclassical limit. Since the beginning of quantum mechanics tunneling through an energy barrier was under investigation. Tunneling describes the possibility of a quantum particle to transmit through a barrier into a region of space, which is inaccessible for a corresponding classical particle. This is not just occurring in quantum mechanics, but is a more general wave phenomenon.
Dynamical tunneling, introduced in Ref. [1] in the context of molecular physics, describes the tunneling of waves between classically disjoint regions of phase space, even without an energy barrier being present. Dynamical tunneling occurs in several variants [2] , e.g., regular-tochaotic tunneling from a regular region to the chaotic region [3] [4] [5] [6] [7] [8] [9] , chaos-assisted tunneling from a regular region via the chaotic region to another regular region [10] [11] [12] [13] [14] [15] [16] , or tunneling between two chaotic regions [17] [18] [19] . It occurs in generic Hamiltonian systems and is decisive for applications in atomic and molecular physics [20] [21] [22] , ultra-cold atoms [15, 16, 23] , optical cavities [24] [25] [26] [27] [28] , quantum wells [29] , and microwave resonators [7, 14] .
We consider the fundamental process of regular-tochaotic tunneling, where the tunneling rate γ describes the decay |ψ reg (t)| 2 ∝ exp(−γt) of a quantum state, initially located within the regular region, to the chaotic region. Towards the semiclassical limit, i.e., for increasing wave number, these tunneling rates are determined by two main effects: For small wave numbers direct regularto-chaotic tunneling typically leads to an exponential decrease of γ with increasing wave number [3, 6, 30] . For larger wave numbers resonance-assisted tunneling (RAT) drastically enhances the tunneling rates, causing charac- teristic plateau and peak structures [31] [32] [33] [34] . RAT occurs due to the ubiquitous presence of nonlinear resonance chains inside a regular region, see Fig. 1 (b) (orange lines), as predicted by the Poincaré-Birkhoff theorem. A combined prediction for direct regular-to-chaotic tunneling and RAT is given in Ref. [34] .
Several experiments were performed demonstrating direct regular-to-chaotic tunneling [7, 14-16, 23, 26-29] . Recently the coupling matrix element between two modes coupled by a nonlinear resonance chain was very nicely observed experimentally in the near integrable regime [35] using a deformable asymmetric microcavity [27] . The experimental observation of the enhancement of regularto-chaotic tunneling rates due to RAT, however, has remained open.
In this paper we measure the enhanced line width of regular modes due to RAT in an appropriately designed open microwave cavity, see Fig. 1(a) . Its phase space shows a large 3:1 nonlinear resonance chain, see Fig. 1 (b), which causes couplings between different regular modes. We show the influence of RAT on the tunneling enhanced line width of a regular mode in two ways: (i) We induce RAT parametrically by a crossing of the frequencies of two regular modes under variation of the position of a half disk inset, see Fig. 1(c-e) . (ii) We explore the dependence of the width of regular modes towards the semiclassical limit, i.e., for increasing frequency. We observe the characteristic plateau and peak structure of RAT and find good qualitative agreement with numerically determined tunneling rates using the closed system, see Fig. 2 .
For the experimental realization we use microwave resonators, which have been studied extensively in the framework of quantum chaos [36] [37] [38] [39] [40] . The height of the cavity is 1 cm, which allows to apply the analogy of the two-dimensional Schrödinger equation to the Helmholtz equation for frequencies up to 15 GHz. The chosen shape of the billiard is a desymmetrized cosine [41, 42] , see Fig. 1 (a). The parameters are chosen in such a way that there is a regular island with a large 3:1 nonlinear resonance chain. Furthermore, they are fine-tuned for the optimal location of the nonlinear resonance chain within the island, such that the characteristic plateau and peak structure of RAT can be expected within the experimentally accessible frequency regime. Fig. 1(b) shows a Poincaré section with perpendicular momentum |p |/p ≤ 0.5 vs. arclength along the upper boundary of the cosine billiard consisting of regular tori, a chaotic orbit, and the 3:1 nonlinear resonance chain. The length of the resonator is l = 60 cm and its widths on the left and right end are w l = 30.96 cm and w r = 24 cm. We placed a half disk on the bottom boundary with a radius of r = 9 cm and an adjustable distance d from the left boundary, see Fig. 1(a) . It leads to a sharp separation of regular and chaotic dynamics, by destroying the hierarchical island structure around the main regular island and corresponding partial barriers in the chaotic region. These phase-space structures typically lead to strong fluctuations of the tunneling rates and therefore would hinder the experimental observation of RAT. Regular motion, caused by the focusing part of the cosine boundary, is confined to the region left of the half disk. Chaotic trajectories typically spread over the whole billiard also hitting the half disk. According to the semiclassical eigenfunction hypothesis [43] [44] [45] one expects regular and chaotic eigenmodes of the billiard, see insets in Fig. 1(d,e) for examples of numerically determined regular modes.
We open the system by introducing an broad band foam absorber on the right hand side in the chaotic part of the billiard. The chaotic region of the closed system now corresponds to the continuum, if we assume a perfect absorber. This enables the observation of regular-tochaotic tunneling by simply measuring the line width of a regular mode. Previously, regular-to-chaotic tunneling rates were much more tediously extracted in microwave cavities by analyzing many avoided crossings of regular and chaotic modes and averaging over them [7] .
In all measurements the antenna is placed at a fixed position at the upper left part of the billiard relatively close to the boundary, as indicated by the red dot in Fig. 1(a) . This position is chosen in order to have a reasonably good excitation of all regular modes. The complex reflection amplitude S 11 (ν) was measured as a function of the microwave frequency ν. In the isolated resonance regime it can be described by the Breit-Wigner formula
where the sum runs over all regular and chaotic modes with eigenfrequency ν k and eigenwidth Γ k . Here
is the residuum of the resonance, ψ k ( r 1 ) the k-th wave function at the antenna position r 1 , and λ k the complex valued coupling coefficient of the antenna. The real part of λ k describes the coupling to the continuum and the imaginary part induces a corresponding frequency shift ∆ k . In the following we will not use the term resonance in the above sense, such that there is no confusion with RAT due to a nonlinear resonance chain, instead we use the term mode. The regular modes are labeled by two quantum numbers (n, m), where n counts the number of excitations in horizontal and m in vertical direction. Their width Γ (n,m) contains different contributions
where Γ RAT is the width enhancement due to regular-tochaotic tunneling in the presence of the absorber. The width Γ wall is induced by the metallic walls of the bottom and top plates and the side walls, due to the imperfectly conducting metal, and the induced width by the antenna, (n,m) . The frequency dependence of Γ wall and Γ antenna is discussed in the last part of the paper.
(i) RAT induced by parameter variation. -We first show the signature of RAT from the parametric dependence of two close-by regular modes. They have mode numbers (n, m) = (1, 10) and (n , m ) = (4, 9), see insets of Fig. 1 , and are coupled due to the nonlinear 3:1 resonance chain, as n = n + 3 and m = m − 1. We measure S 11 (ν) for several half disk positions d, while all other parameters are fixed. We fitted for both modes their frequency ν and width Γ, giving the parametric dependence shown in Fig. 1(c-e) . We observe a crossing of the frequencies and an avoided crossing of the widths. An increase of the width of the mode (1, 10), lying deep inside the regular region, is observed once the mode (4, 9) is closeby. This width increase of 0.2 MHz in Fig. 1(e) is a clear signature of RAT.
A quantitative description of all features displayed in Fig. 1 can be obtained in terms of a matrix model. We start with a 2 × 2 matrix description of the two regular modes with diagonal elements E 1 − iγ 1 /2 and E 4 (d) − iγ 4 /2, where we have omitted for brevity the quantum number m, i.e., E 1 and E 4 are the eigenenergies of the uncoupled modes (1, 10) and (4, 9). As the inner mode concentrates close to the left wall, we assume E 1 to be independent of d. For the energy E 4 (d) of the outer mode we assume close to the crossing with E 1 a linear dependence on the frequency axis as is suggested by Fig. 1(c) . The widths γ 1 and γ 4 are assumed to be independent of d as they are due to antenna coupling and wall absorption. An off-diagonal matrix element V 3:1 describes the coupling due to the 3:1 nonlinear resonance chain. Calculating the line widths of the two modes by diagonalization of the resulting 2 × 2 matrix, one obtains an increase of the width of mode 1 at the point of degeneracy of the real parts of the two modes, as exhibited in Fig. 1(e) . This is a manifestation of the coupling of two regular modes due to a nonlinear resonance chain.
For a full analysis of RAT, however, one additionally has to consider the tunneling into the chaotic region. In fact, looking into the details of Fig. 1 , one notices a serious discrepancy. If the two-mode model were the full truth, the curves in Fig. 1(d) and (e) should be just mirror images of each other because of the invariance of the trace of the Hamilton matrix. This means in particular that the sum of the line widths of the two modes should be independent of d, which obviously is not the case. Thus there must be (at least) one other mode involved. The energy dependence E ch (d) of this hypothetical mode from the chaotic region again is assumed to vary linearly with d with a constant unperturbed width γ ch . Due to coupling with mode 4 its width dependence with d must be essentially the mirror image of Fig. 1(d) , since the contribution of mode 1 to the width is only marginal. Hence the chaotic mode has to become broad at the crossing point, while at the same time the width of mode 4 becomes small. But this is exactly the phenomenology which is known in other contexts as resonance trapping [46, 47] . It is found whenever an effective Hamiltonian of the form H = H 0 − iW W † is involved. Here H 0 is the Hamiltonian of the unperturbed system, and W is an N ×M coupling matrix, where N is the number of modes taken into account and M is the number of open channels (here N = 3 and M ≈ 6 is obtained by dividing the length of the absorbing edge by λ/2). This suggests an ansatz of the Hamiltonian in terms of a 3 × 3 matrix,
This ansatz assumes (α) that the direct tunneling coupling of mode 1 to the chaotic region is negligible for the frequency range of Fig. 1 and (β) that the direct tunneling coupling of mode 4 to the chaotic region dominantely appears in the coupling of mode 4 to the open channels encoded in the second row of W (and much less in the coupling of mode 4 to the chaotic mode in H 0 ). In fact, it follows from the observation that the real parts of modes 1 and 4 cross, with no indication of an avoided crossing (see Fig. 1(c) ), that the off-diagonal elements of H have to be either real or imaginary, but not complex. After diagonalization of the 3 × 3 Hamiltonian we have to compare the complex quantum mechanical eigenenergies E = E − iγ/2 with the experimentally measured complex electromagnetic eigenvaluesν = ν − iΓ/2 by their complex wave numberẼ/(h 2 /2M ) = (2πν/c) 2 , yielding
where we use unitsh = 2M = 1 and Γ ν. Fitting the experimental data gives the solid orange lines in Fig. 1(ce) and yields the parameters of the model [48] . In particular, this gives for the matrix element V 3:1 = 2.3 m −2 , which is of the same order as the prediction for the closed system V 3:1,cl = 0.51 m −2 [49] . Note that we find a similar value for V 3:1 using a reduced 2 × 2 model if one considers only the local range 29.5 cm ≤ d ≤ 30.0 cm. This shows that the signature of RAT in Fig. 1(e) can be quantitatively understood.
(ii) RAT plateau and peak structure. -A key feature of RAT is the plateau and peak structure on top of the exponential decay of the tunneling rates towards the semiclassical limit. We observe this signature of RAT in our setup, now with fixed half disk position d = 30.0 cm. The plateau should appear when in addition to the inner mode (1, m) the outer mode (4, m − 1) starts to exist (m ≥ 8). A peak is expected at the crossing of these modes for increasing m, as seen in Fig. 2(a) for the frequency difference ∆ν = ν (1,m) − ν (4,m−1) around 6 GHz. There the corresponding quantizing tori in phase space are symmetric with respect to the nonlinear resonance chain. From the measured widths Γ (1,m) (green pluses in Fig. 2(b) ) for m = 5, . . . , 16 we subtract, according to Eq. (2), the width contributions Γ wall and Γ antenna (to be discussed below) and the resulting contribution Γ RAT is shown as black crosses in Fig. 2(c) . For low frequencies up to 3.5 GHz an exponential dependence is obtained, as expected from direct regular-to-chaotic tunneling. RAT becomes visible from 4 GHz on as a broad plateau (m ≥ 8) ending in a peak structure around 6.5 GHz.
For numerical comparison, tunneling rates were determined using the closed system in a similar way as described in Ref. [7] . Under variation of the height of a rectangle that was attached to the bottom of the cosine billiard at x > 30 cm, i.e., extending the chaotic region, avoided crossings between the regular mode (1, m) and chaotic modes were evaluated. From their average the tunneling rates γ (1,m) are determined, see Fig. 2(d) . Qualitatively these rates are in good agreement with the experimental results Γ RAT in Fig. 2(c) . A quantitative comparison is difficult, as Γ RAT depends also on the wall and antenna contributions γ 4 and γ ch which differ for each m. However, the experimental and numerical frequency ranges for the initial exponential decay, the plateau, and the peak are identical.
Let us finally discuss the wall and antenna contributions Γ wall and Γ antenna in Fig. 2(b) . The wall absorption Γ wall is due to non perfect conductance. To minimize this effect the resonator is fabricated out of oxygen free copper. The Ohmic losses in the cavity walls lead to an exponential decrease of the electric field with the penetration depth and thus to a broadening, which has a square root frequency dependence [50] . It was extracted from measurements of the closed cavity, where the absorber was removed and the right part of the billiard was closed. We find Γ wall = 0.30 MHz ν/GHz, see orange dotted line in Fig. 2(b) .
The width Γ antenna = 2|a (1,m) | induced by the antenna is shown as blue diamonds in Fig. 2(b) and is extracted by fitting a Lorentzian to the measured resonance. Around 6 GHz, where the frequency difference ∆ν in Fig. 2(a) is small, modes 1 and 4 are coupled, such that the extracted Γ antenna is affected. In this regime we therefore interpolate it by a linear increase, see the dashed line in Fig. 2(b) . The overall monotonic increase of Γ antenna is due to two effects: (α) the antenna length is small compared to the wavelength leading to small and increasing antenna coupling Re(λ), (β) the distance of the antenna to the wall is smaller than a quarter of the wave length such that the wave function increases monotonically at the antenna position.
In this paper we experimentally observe RAT in a generic system with a mixed phase space using an opened microwave billiard. We demonstrate RAT by the width increase of the exemplary mode (1, 10) when it is crossed by the mode (4, 9) . With a 3 × 3 matrix model the coupling matrix element V 3:1 is extracted and is found to be of the same order as the theoretical value. Secondly, measuring the widths of the modes (1, m) for increasing m reveals the regimes of direct regular-to-chaotic tunneling with an exponential decay and RAT with its characteristic plateau and peak structure. This experimental work motivates future theoretical studies for a better quantitative description of RAT, in particular using semiclassical methods [4, 9] .
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